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Abstract

Propensity scores have been widely used in epidemiology to control for confounding bias in post-marketing studies,
but the standard technique of matching patients by score becomes computationally impractical with studies of three
or more treatment groups. We present a multi-category propensity score matching algorithm that is expected-case
quadratic on the number of participants per group.

Utilizing kd-tree data structures to provide efficient queries for nearby points and a search radius related to a
best-guess match between participants in each treatment group, we reduce the number of participants that must be
considered for each matching. We then match patients by propensity score, balancing the distribution of confounders
in each treatment group and thereby removing bias. Our algorithm outperforms the brute force approach in the
expected case, requiring only O(n) space and time compared with brute force’s time, for k treatment groups. This
difference is clearly seen in our simulation study of 1000 participants in 3 groups: our algorithm matches in 4.5
seconds compared to brute force’s 17.5 hours.

In the vast majority of cases, we can accomplish matching on propensity score with three or more treatment groups
without the constraint of exponential growth of the search space. Considering four groups of 5,000 patients, that is a
reduction from 625 trillion matches to 100 million and orders of magnitude shorter computation time.

1. Background and Significance

Drugs that are marketed in the United States have
gone through substantial testing, from Phase I clinical
trials that examine basic pharmacology and toxicity to
wide-scale Phase III trials testing the safety and effec-
tiveness of a new agent against placebo or an existing
agent [8]. However, even the largest Phase III trials are
statistically underpowered to detect rare safety events,
and placebo-controlled trials of most new agents will not
yield information on how the drug compares to exist-
ing standards of care [5]. To evaluate these key factors,
non-randomized post-marketing studies that give clini-
cians insight on the comparative safety and effectiveness
of the the full range of possible treatment options are
crucial [17].

A major determinant of the success of these stud-
ies is how well confounding is controlled; that is, given
that patients in non-randomized settings are prescribed
drugs because of their need for therapy [18], ensuring
equivalence or “exchangeability” [6] between the groups
under study at baseline is a first step to a valid assess-
ment of the treatments’ comparative safety and effective-
ness. Further, as more drugs come on the market, the
usual Drug A versus Drug B study is insufficient to give
meaningful information to regulators, policymakers, and
clinicians: for them, a study that compares three, four,
or more active treatments to each other can help iden-
tify the best choices from a wide panel of available treat-
ments [13].

Propensity scores have been widely used in epidemi-
ology [2] to control for confounding. For each treat-
ment under study, a patient’s propensity score is simply
his or her predicted probability of receiving that treat-
ment (as opposed to the other treatments under study),
as a function of all confounding factors measured for
that patient [16]. Propensity scores have been shown
to be “balancing scores”, meaning that if the score is
correctly specified and patients are correctly matched,
then the factors that make up the score will be on av-
erage balanced between the treatment groups. This bal-
ancing removes confounding, since it creates treatment
groups that are comparable at baseline. As an exam-
ple, if age is a component of the score, then in a study
of cox-2 inhibitors such as celecoxib (Celebrex) versus
non-selective non-steroidal anti-inflammatory drugs (ns-
NSAIDS) such as ibuprofen, the process of propensity
score matching will yield approximately equal ages in
each of the two groups. If ages are approximately equal,
age cannot confound the treatment-to-outcome associa-
tion under study. With three or more treatment groups,
a patient will have multiple propensity scores, one for
each treatment. Because of the constraint that the total
probability is 1, there are k− 1 scores to match on for k
treatment groups under study. Matching thus requires
extending the usual two-group (single value) approach
to an approach that can efficiently and correctly identify
those patients with similar value of multiple scores.

Matching two groups of patients is not complex, though
a brute-force approach to it becomes less practical as the
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number of patients increases. Adding additional treat-
ment groups makes a brute-force approach infeasible;
indeed, with four groups of patients and just 5,000 pa-
tients in each group, a brute-force algorithm would have
to test 625 trillion possible matched sets. In this paper,
we propose and evaluate an efficient algorithm for simul-
taneously matching three or more groups of patients by
propensity or other continuous-value score.

r: Citation ideas for bg material: Imbens, who adapted the propen-
sity score to more than two groups: [7]. Foster, who used Imbens’ result
to compare number of mental health visits to a child’s well-being: [4].
Rosenbaum’s initial work on expanding the propensity score to two
groups [14] [15]. Commentary on propensity scores from Rosenbaum
and Joffe (background material) [9].

In section 2, we formally describe and discuss the
problem. Section 3 defines both the brute force solu-
tion and pseudocode for our kd-tree algorithm. A proof
that the kd-tree algorithm correctly matches brute force
is given in section 4, followed by theoretical and empiri-
cal results in section 5. We conclude in section 6.

2. Objective

Informally, we would like to match participants of
similar traits across multiple treatment groups for a given
study. Closest or smallest matches—matches where the
participants from each group are the most similar—are
considered first, then matches of increasingly larger sizes,
until either all points are consumed or a threshold of par-
ticipants is included.

To define the problem formally, let us consider the
following variable definitions:

k the number of patient groups considered
n the number of patients per group
d the number of facets to match per patient;

for propensity scores d = k− 1
We define a patient as a d-dimensional point in the

real numbers. Each treatment group is defined as a set,
G1, ..., Gk, with n points each. The set of all patients, P ,
is the union of all treatment grous, and contains kn total
points. Next, we define a match m as a collection of one
point from each Gi as follows: m ⊆ P such that ∀Gi, |m∩
Gi| = 1. We define M to be the set of all such matches.
Note that the size ofM is exponential with respect to n,
that isM contains nk points.

Since we want to find the smallest matches, we must
define this term specifically. Intuitively, we would like
to pick matches such that all the points are close to-
gether and or alternatively, the size of the grouping in
d-dimensional space looks to be the smallest. Therefore,
let us define a function size(m) as a measurement func-
tion on the matches

size(m) :M→ R.

We discuss in the next section possible concrete defi-
nitions of this function, but we note now that it must

be well defined: any match must have an unique mea-
sure. Specifically, m1 = m2 implies size(m1) = size(m2).
Now, let us define M as a match covering of P such
that M has n total matches and each point in P is used
only once in M. Without loss of generality, let us as-
sume that M is sorted on the size of matches. Specifi-
cally, for any two matches mi, mj in M, where i < j then
size(mi) ≤ size(mj). Next we define an ordering <M on
match coverings such that M0 <M M1 if for some index
i into the sorted match coverings, size(m0,i) < size(m1,i)
and for all smaller matches j < i, size(m0,j) = size(m1,j),
where m0,j is the j-th element of M0 and likewise for M1.

We must find the minimal match covering, M0, such
that ∀i > 0, M0 <M Mi. Therefore, it suffices to extract
matches from P in order of size, smallest to largest, until
no points are left.

2.1. Definition of Smallest Match
We must first consider an appropriate definition of

the size(m) function, as described above. We consider 2

possibilities: perimeter and sum of squared distances to
the centroid of the points in m. The choice between these
definitions depends on consistency in determining the
size given points in different orders (order independence
of the points) and complexity to compute.

2.1.1. Perimeter
The perimeter of a match is point-order-independent

and unique in defining match size with 3 or fewer points,
since any path through the points will yield the same
perimeter. Therefore for 3 points, it only requires 3 dis-
tance calculations, making it constant-time to compute.

For more than 3 points, perimeter is no longer point-
order-independent since different routes through the points
would arrive at different perimeters, as shown in Fig-
ure 1. One solution is to require size(m) be the perimeter
of the smallest k-gon formed by the points. However,
there are (k−1)!

2 possible k-gons for each match m, and
thus the naive method for finding the minimal-perimeter
order would take factorial-time in k. More clever rou-
tines to find such an ordering also seem unlikely as the
problem reduces to the notoriously difficult NP-complete
Traveling Salesman Problem [1]. Therefore, we limit the
use of perimeter to the case when k ≤ 3.

(a) perimeter x (b) perimeter y (c) centroid

Figure 1: Two different perimeters (x 6= y) and distance to the centroid
for 6 points.
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2.1.2. Distance to the Centroid
We propose using distance to the centroid of the points

instead of perimeter, since the centroid is neither depen-
dent on the ordering of points nor the dimensionality of
the space. Likewise, distance to the centroid can be cal-
culated in O(k) time with respect to the number of points
per match.

For a d-dimensional space and k colors per match, the
centroid of a match m is defined as

c(m) =
1
k

k

∑
i=1

pi.

Our size(m) function, using sum of squared distances to
the centroid, is defined as

size(m) =
k

∑
i=1

d

∑
j=1

(
pi,j − cj(m)

)2 .

This definition is not only linear on both k and d, but
also captures the semantic definition of size: it measures
how far away the points are from their average, the cen-
troid. Unlike perimeter, with this definition of size(m),
the points will be mutually close to each other, discrimi-
nating against a closer grouping with one or two outliers.
Specifically, sum of squared distances to the centroid will
favor equilateral triangles over highly acute and obtuse
triangles.

3. Algorithm Design

3.1. Brute Force Algorithm
A naive approach for a matching algorithm would

include matching all participants in each group, sort-
ing them based on the size of the match, then picking
matches in order ensuring that no person is used twice.
Assuming there are n participants in each group, this will
lead to n3 total matches for 3 groups, requiring O(n3)
space and O(n3 log n) time to process the input since
sorting the matches is necessary. If the trial contains 300

participants, that would be 1003 = 1, 000, 000 matches to
store. As n grows, current hardware becomes unable to
store the data efficiently.

An alternative brute force algorithm exists that re-
quires only O(n) space, but has an increased time com-
plexity of O(n4). This algorithm loops over k from 0 to
n − 1 to examine all (n − k)3 remaining matches, only
stores the smallest per iteration, and removes the used
points from the pool. This approach can be seen in Al-
gorithm 1.

3.2. KD-Tree Algorithm
Our algorithm reduces the brute force cost by consid-

ering only matches within a neighborhood of each point.
By searching this neighborhood and ignoring all other

Algorithm 1: Brute Force Algorithm requiring O(n)
space, O(nk+1) time

Input: k sets of n points
Output: set of n ordered smallest matches of k

points each

read input from file;1

for i = 1 : n do2

smallest = MAX;3

msmallest = null;4

foreach G1 do5

foreach G2 do6

...7

foreach Gk do8

if size(m = {k1, k2, ..., kk} < smallest9

then
msmallest = m;10

smallest = size(m);11

Mans ← msmallest;12

remove k1m, k2m, ..., kkm from G1, G2, ..., Gk;13

return Mans14

points, we seek to reduce the time complexity in the av-
erage case. To find a neighborhood, we first consider
an approximate best match for a point in G1: the closest
points of Gi for 2 ≤ i ≤ k. Our algorithm uses kd-trees,
with an expected case look-up time of O(log n), to find
these k− 1 close points.

Kd-tree data structures store points in arbitrary di-
mensions in a binary tree as described in [11]. For the
2-dimensional case, [11] showed that the time complex-
ity for building a kd-tree is O(n log n), with expected-
case nearest neighbor lookup cost O(log n) and worst
case O(n1−1/d) for d dimensions. Therefore, in the 2-
dimensional case, any request to find the nearest patient
will be O(log n) in the average case, with the cost of mak-
ing all kd-trees O(kn log n). The algorithm also uses Pri-
orityQueues as implemented in Java. PriorityQueues
can be queried and added to with a time of O(log n) [12].

Algorithm 2 provides the pseudocode for our kd-tree
algorithm. A kd-tree Ti containing the points in Gi is
created for i = 2, ..., k. The algorithm then creates a Pri-

orityQueue for matches ordered on size(m) and an array
to store the final matches. Starting with G1, the algorithm
finds the smallest matches within a given search radius
for each point pi ∈ G1, using the addPutativeMatches

subroutine described below. Then, the algorithm con-
siders all matches found, presorted ascending accord-
ing to size(m) due to the PriorityQueue construction.
For each match, if all its points have not been used to
make a match which has already been considered, then
this match is a smallest match. The algorithm stores
the match and removes these points from their respec-
tive kd-trees. Alternatively, if any of the points have

3



Algorithm 2: kd-tree algorithm
Input: k sets of n points
Output: set of n ordered smallest matches of k

points each

G1 = read input from file;1

for i← 2 to k do2

Gi = read input from file;3

Ti = makeKDTree(Gi);4

pq = new PriorityQueue;5

matches = new ArrayList;6

foreach pi ∈ G1 do7

addPutativeMatches(pq);8

while pq not empty do9

m = pq.poll();10

if all points in m are unused then11

foreach i ≤ k do12

Ti.remove(m.i);13

matches.add(m);14

else15

if point from G1 is unused then16

if no more matches available then17

addPutativeMatches(pq);18

been used for another match, the match is discarded.
When all matches in the queue for any pi ∈ G1 have
been exhausted, addPutativeMatches is called to add
more matches onto the queue with the remaining points.
When this process terminates, we have the n smallest
matches.

addPutativeMatches as outlined in Algorithm 3, starts
with the given pi ∈ G1 and produces the 10 smallest
matches for that point. First, it performs kd-tree queries
to find a pj ∈ G2 closest to pi, a pl ∈ G3 closest to pj,
and so on for all subsets of P , using Euclidian distance.
These points together become an initial naive smallest
match m, with size(m) as the sum of squared distance to
the centroid of the match. Let max(m) denote the maxi-
mum distance from a point to the centroid in this match.
The algorithm queries each kd-tree Ts, 2 ≤ s ≤ k, for
points pr of Gs such that dist(pr, pi) ≤ k×max(m). These
points pr are then used to create all possible matches in
this search radius with pi. The smallest 10 matches mt
with size(mt) ≤ size(m) are returned.

We only consider the smallest 10 matches from ad-

dPutativeMatches, since the execution time asymptoti-
cally converges as the number of matches returned in-
creases as shown in Figure 2.

3.3. Simulation Study
We conducted a simulation study comparing our kd-

tree algorithm against the space-efficient brute force al-
gorithm to supplement our theoretical analysis. This

Algorithm 3: addPutativeMatches subroutine
Input: PriorityQueue pq, current point pt1 from

color 1, kd-trees for each colors 2 to k
Output: list of 10 smallest matches for point pt1

for i← 2 to k do1

pti = Ti.getnearest(pti−1);2

small = size(pt1, pt2, ... , ptk);3

search = get search distance from small;4

tq = new PriorityQueue;5

tq.add(match(pt1,pt2, ... ,ptk));6

for i← 2 to k do7

listi = Ti.getnearest(pti−1, search);8

foreach list2 as pt2 do9

foreach list3 as pt3 do10

... foreach listk as ptk do11

dist = size(pt1,pt2, ... ,ptk);12

if dist ≤ small then13

tq.add(match(pt1,pt2, ... ,ptk));14

for i← 1 to 10 do15

m = tq.poll();16

pq.add(m);17
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Figure 2: Empirical results varying the number of possible matches
returned by addPutativeMatches.
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Parameter Test Values
Number of Treatment Groups 3-4
Participants per Treatment Group 50, 100, 200, 300,

400, 500, 750, 1000

Table 1: Empirical test configurations.

experiment was conducted on 1.6GHz dual-core AMD
Opteron processors with 3GB of RAM. Both algorithms
were coded in Java, with the kd-tree algorithm utilizing
the WLU kd-tree implementation [10]. Table 1 shows the
configurations for each experimental run, where the par-
ticipants are sampled by a Gaussian distribution over the
varying confounding factors. Each test was repeated 50

times for each algorithm.

4. Proof of Equivalence

To show that this algorithm produces identical match-
ings to brute force, it suffices to show that for any given
point in G1, the smallest match for that point will re-
side in the search radius considered for that point. Since
all pi ∈ G1 will be considered, we are guaranteed to
end with the smallest match for each pi. When points
are used, the process will be repeated with larger search
radii. Therefore, to prove the correctness of the kd-tree
algorithm, we will show that for an initial neighborhood
of a match containing pi, the smallest match will re-
side in that neighborhood for both definitions of size(m):
perimeter and sum of squared distance to the centroid.

4.1. Perimeter
Theorem 1. Given an initial match m containing point pi ∈
G1, which contains random points pr j, one per Gj with j ≥ 2,
the perimeter will define the size of the match. Let us assume
that size(m) = q ∈ R. Our search radius will then be the
disc centered at pi with radius q

2 . This area will contain the
smallest match for pi.

Proof. For contradiction, assume there is one point pj that
resides outside of this disc that makes a smaller match
m′ for pi. We note that the euclidean distance from pi
to pj is greater than q

2 . Therefore, the smallest match m′

containing both points would be at least colinear with
each point at an endpoint, making size(m′) > 2 ∗ q

2 =
q, however size(m) = q and therefore m′ is larger than
m.

4.2. Centroid
Theorem 2. Given an initial match m containing point pi ∈
G1, which contains random points pr j, one per Gj with j ≥ 2,
the sum of squared distances to the centroid will define the size
of the match. Our search radius will be the disc centered at pi
with radius k ∗ s where s is the max distance to centroid. This
area will contain the smallest match for pi.

Proof. We want to find r such that given m with k points,

s = max

(
d

∑
l=1

(pl − cl(m))2

)
, ∀p ∈ m,

where s is the maximum Euclidean distance to centroid.
a) First let us discuss size(m) ≤ ks2. In our definition

of size(m), we know that

size(m) =
k

∑
l=1

(pl − c(m))2 ,

where each |pl − c(m)| ≤ s, since s is the maximum.
Therefore this inequality is trivially true.

b) Assume there exists pj outside of our radius r, such
that pj, pi ∈ m′.We will call the centroid of this match
c(m′). Let us define x to be the distance from pi to c(m′)
and y to be the distance from pj to c(m′). Note that x +
y ≥ r, since pj and pi are at least a distance of r apart.
Also, size(m) ≤ ks2 by part a. Therefore, to show that
size(m) ≤ size(m′) it suffices to show that ks2 ≤ x2 + y2,
since then we will have

size(m) ≤ ks2 ≤ x2 + y2 ≤ size(m′).

Let us assume the minimal x + y, namely that x + y = r.
Then, it is clear that r2

2 ≤ x2 + y2 ≤ r2. Now, to show
ks2 ≤ x2 + y2, it suffices to show that ks2 ≤ r2

2 .

ks2 ≤ r2

2

ks2 ≤ k2s2

2
2 ≤ k.

Therefore for all m′ with at least one point outside of
r = ks2, size(m′) ≥ size(m), where k ≥ 2.

5. Results

We first discuss theoretical results for the algorithm,
both in the worst case and the average expected case,
followed by the empirical study results.

5.1. Worst Case
The worst case example for this algorithm occurs when

every point is contained within the search radius for a
given point: for example, when all points are concident
with each other. For this case, starting at any point from
Group 1, finding a point in Group 2, then the closest
in Group 3 will result in a search radius containing all
points. Therefore, for any point, we must consider every
possible match between all points in other groups.

Initially, we consider the 3-color case in 2-dimensions.
The time complexity of the addPutativeMatches subrou-
tine in Algorithm 3 is an integral part of the complexity
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of the algorithm. The time complexity of addPutative-
Matches is r: Clean up the sums in the analyses

Tapm = O
(
2
√

n + log n

+2(n− 1 + n
√

n) + n(n(log n))
+10(log n + log n))

= O(2
√

n + log n + 2n− 2 + 2n3/2 + n2 log n
+20 log n)

= O(n2 log n + 2n3/2 + 2n + 21 log n− 2)

= O(n2 log n).

We divide the kd-tree algorithm into two indepen-
dent parts to simplify the analysis. part1 consists of the
initial n calls to addPutativeMatches, while part2 con-
tains the main loop of the algorithm. The time complex-
ity of each part is

Tpart1 = O
(
nTapm

)
= O(n3 log n)

Tpart2 = O
(

n3 log n + 2n log n +
n3 − n

10
Tapm

)
= O

(
n3 log n + 2n log n

+
n3 − n

10
(n2 log n)

)
= O

(
1

10
n5 log n +

9
10

n3 log n + 2n log n
)

= O(n5 log n),

with the algorithm’s total time complexity

Tkdtree = Tpart1 + Tpart2

= O
(

n5 log n + n3 log n
)

= O(n5 log n)

Generalizing the worst case analysis to an arbitrary
number of dimensions and groups, we derive the time

complexity of each part as follows:

Tapmk,d = O
(
(k− 1)(dn1− 1

d ) + log n

+(k− 1)(n− 1 + ndn1− 1
d )

+nk−1 log n + 10(2 log n)
)

= O(nk−1 log n + kdn2 + kdn)

Tpart1k,d = O
(

nTapmk,d

)
= O

(
nk log n + kn2 log n + kdn2

)
Tpart2k,d = O

(
nk log n + (k− 1)n log n

+
nk − n

10
Tapmk,d

)
= O

(
n2k−1 log n + knk+1 log n + kdnk+1

)
Assuming a relatively small k and d, this leads to an over-
all time complexity of

O(n2k−1 log n).

Fixing n, as k and d increase, the complexity will in-
crease exponentially with respect to k, but only linearly
(in the insignificant terms) with respect to d. The com-
plete derivations are available in the Appendix.

5.2. Improved Worst Case
Ignoring space constraints, we could store all pre-

vious match sizes seen to reduce the cost of duplicat-
ing calculations in addPutativeMatches. Therefore, if a
match has already been computed, addPutativeMatches
becomes a constant-time lookup. This would require
O(nk) space to store all possible matches, but would re-
duce the re-call time complexity cost of addPutative-

Matches to O(1). Therefore, our partial time complexities
become

Tpart1k,d = O
(

nk log n + kn2 log n + kdn2
)

Tpart2k,d = O
(

nk log n + (k− 1)n log n

+
nk − n

10
Tapmk,d

)
= O

(
nk log n + (k− 1)n log n

+
nk

10
− n

10

)
= O

(
nk log n

)
,

with the total time complexity reducing to

Tpart1k,d + Tpart2k,d = O(nk log n).
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5.3. Expected Case
In order to evaluate an average case complexity of our

kd-tree algorithm, let us define the following assumption
for the distribution of points over the space.

Assumption. We have an even scattering of points with
a uniform density. Specifically, ∃δ such that ∀ε-sized ar-
eas, there are δεn points in that region. That is, the num-
ber of points in a region is in constant proportion to the
area of that region. The search radius of an initial guess
for any point pi is proportional to the density of points
available in that area, and therefore there will be a con-
stant number of points within that fixed search radius.

This assumption eliminates the worst case, in which
each Gi’s points must be grouped together or coincident,
forcing the algorithm to include all possible matches in
each search radius, then make and subsequently discard
nk−1 matches as invalid. Assuming a δ-sized proportion
of the total points of each Gi to be included in any ε-
sized area will guarantee that any small search radius
will not contain most or all the points from any Gi, only
a constant amount proportional to the area.

Under this assumption, the addPutativeMatches sub-
routine completes in constant amortized time, since for
each fixed search radius it must only consider a constant
number of points. Noting that kd-trees provide average
case O(log n) lookups in 2 dimensions, but are only guar-
anteed O(dn1− 1

d ) in higher dimensions [3], we break the
expected case complexity into 2-dimensional and multi-
dimensional costs.

5.3.1. 2-dimensional case
In two dimensions, we find that

Tapmk,2 = O(4(k− 1) log n + log n) = O(k log n)

Tpart1k,2 = O
(

nTapmk,2

)
= O(kn log n)

Tpart2k,2 = O (n log n + nk log n)

= O((k + 1)n log n)

with the total time complexity reducing to

Tkdtree = Tbuildkds
+ Tpart1k,2 + Tpart2k,2

= O ((k− 1)(n log n) + kn log n
+(k + 1)n log n)

= O(kn log n).

5.3.2. d-dimensional case
However, for the general case of d-dimensions, the

algorithm is not expected to perform quite as well. We
find that

Tapmk,d = O(2(k− 1)dn1− 1
d + log n) = O(kdn)

Tpart1k,d = O
(

nTapmk,d

)
= O(kdn2)

Tpart2k,d = O (n log n + nk log n)

= O((k + 1)n log n)

with the total time complexity reducing to

Tkdtree = Tbuildkds
+ Tpart1k,d + Tpart2k,d

= O
(
(k− 1)(n log n) + kdn2

+(k + 1)n log n)

= O(kdn2).

5.4. Simulation Study Results
Finally, we give empirical results for our algorithm

compared against the space-efficient brute force algorithm
discussed earlier. Our kd-tree algorithm performs as ex-
pected as the number of participants increases. For ex-
ample, for 1000 participants per group, the kd-tree algo-
rithm matches all participants in 4.5 seconds, versus the
brute force algorithm’s 17.5 hours. The results, including
all runs in which brute force completed on our cluster
within the allotted CPU time of 168 hours, are depicted
in Figure 3 and enumerated in Table 2.

Precisely, as the number of participants grows, the
kd-tree algorithm grows in relation to n2 as expected.
Likewise, the brute force algorithm grows exponentially.
Therefore, as the number of participants grows, the speedup
over brute force grows exponentially, from 17.8x for 50
participants per group to 13, 897.7x for 1000.

6. Conclusion

Given k sets of participants, matching against d traits,
we have defined an algorithm that can produce the matches
in an expected O(kdn2) time assuming the traits are uni-
formly distributed. Moreover, since our algorithm only
uses kd-trees, a list of final matches, and an intermediary
list, we only use O(n) space. While our approach does
not match the performance of brute force in the worst
case, we are no longer exponentially constrained by the
number of groups in the expected case. We have sub-
stantially reduced the space and time required to com-
pute complex, multi-group matches; we feel that this
methodology can help clinicinas, regulators, and patients
make more informed decisions based on the comparative
safety and effectiveness across the full range of available
treatment options.
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Reviewer Comments

6.1. Associate Editor
Development of more efficient and effective methods for post-market surveillance of drugs is an important topic. However, as

pointed out by the reviewers, the authors have to do much more to place their work in the context of prevoius related studies and
to compare their method to other potential approaches in order to make the paper useful to the JAMIA audience.

6.2. Reviewer 1
The authors present an algorithm for computing propensity scores matching of patients, that is much more efficient than a

naive matching algorithm. The paper is clear in most places, and the results are convincing. My main issue with the paper is one
of fit to the journal. As of now, the paper reads like an abstract, not a manuscript. It would need to be widely expanded to be
considered for this journal.

• Propensity scores: since this is such an essential part of the work, the authors need to ensure the reader undersands what
these are about. One citation is not enough. Please expand with both relevant citations, examples, etc.

• Same for the concept of matching patients, especially in the case of different groups. Please provide more background,
citations, and examples to explain better the task at hand.

• Is this paper the first to tackle this question? Can the authors provide more previous work on the task of patient matching?

• If the main contribution of the paper is the complexity of the algorithm through the use of an appropriate data structure,
then a lot of the information in the appendix needs to be integrated in the body of the paper. r: Proof of Correctness and Time
Complexity return to the paper

6.3. Reviewer 2
Hott et al. propose a new algorithm for propensity score matching with more than two treatments and compare this algorithm

to a brute force approach. They find, both theoretically and by simulation, that their algorithm outperforms the brute force
approach in realistic situations. The paper is clearly written and pleasantly short.

While their algorithm is of potential interest in medical research I would (before recommending the paper for publication) like
to see to react Hott et al. to the following comments.

• I feel that the current standard approach for propensity score analysis with more than two treatments is the IPTW-approach as
proposed by Imbens (Biometrika, 2000, 87(3):706-710) which is, for example, used by Foster (Medical Care 2003, 41(10):1183-
1192). Can the author comment on their approach as compared to the Imbens approach? r: These seem to be more pre-work. We
expand on these?

• While I understand that computing time is of most interest for a computer scientist when assessing a matching algorithm,
the central measure of interest from a clinical viewpoint is the balance of covariates in the matched treatment groups. Is the
authors’ algorithm superior to the brute force approach also in terms of covariate balance? r: These matchings (and therefore
balance of covariates are identical–addressed in the Proof of Equivalence section

• I wonder how the other matching approaches (Optimal matching, Greedy matching, Kernel matching, Genetic matching, ...)
that are used with two treatment groups compare to the authors’ proposal. Is there no possibility to use them in the more
than two treatment situations? If yes, these algorithms are probably the better competitors for the authors’ proposal than a
simple brute force approach.

• Can the matching algorithm of Hott et al. deal with different (not necessarily 1:1:1 ...) matching ratios? Consider, for
example, three treatments A, B, and C, where 10% of all patients have been treated with A, 10% with B, and 80% with C.
Matching the three groups by a ratio 1:1:1 would necessarily omit the information of at least 70% of patients. Moreover, what
about variable matching ratios, that is matching ratios 1:b:c, where ”b” and ”c” can be different numbers for patients from
treatments B and C that are matched to one single patient treated with A.

• What about software? My experience is that a new computational method would not be used unless the proponents would
provide a software tool that can be used with at least one of the standard software packages. Is there such an implementation
of Hott’s algorithm and are the authors willing to share it with the community? r: we have the Java source code that we could
release.

• If you had asked me about a PS matching algorithm for more than two treatments, I would probably have come up with the
following ad hoc algorithm using standard two treatment matching algorithms: First, match patients from treatments A and
B, then set aside the matched patients from B and match the already matched patients from A with the patients from C (but
do not allow dropping already matched A patients). How does this algorithm compare to that of Hott et al.? r: This doesn’t
work. Should we include the 7th son problem to illustrate the issue?
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